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SUMMARY

This article describes experimental investigations of size effects in torsion and
bending of lathe cut closed-cell polymethacrylimide and open cell copper foams.
Slender specimens were fourid to have a slightly smaller effective stiffness than
thick ones. This behaviour is consistent with a model of surface damage to the
outermost cells of the foam. The surface damage layer was inferred to be from
0.13100.37 cell diameters for the polymethacrylimide, depending on the grade
of foam, and from 0.3 to 0.4 cells in the copper foam. Effects of Cosserat
(micropolar) elasticity, which would give rise to an effective stiffening of slender
specimens, were not observed.

1. INTRODUCTION

Local inhomogeneity in cellular materials arises from the relatively large
structure of their cells. It is true that even “solid” materials have structure
at the atomic level; however, this structure is usually ignored and the
materials are assumed continuous in engineering applications. This
assumption has proven satisfactory for many engineering materials such
as solid metals, polymers, ceramics and glasses. However, with foams and
many other composite materials, the structure becomes large enough that
the assumption of continuity comes into question. In fact, classical
elasticity theory has been a poor predictor of fracture behaviour and stress
concentrations around holes and cracks in many fibre composites and
foams. Experimental stress concentrations in composites are consistently
lower than predicted classically. The shortcomings of classical theory
suggest that either the composite materials should no longer be assumed
continuous, or that a more general elasticity theory may be appropriate.
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Cosserat Elasticity

The question of how much freedom is to be incorporated in an elasticity
theory must be decided by experiment. For classical isotropic elasticity,
the constitutive equation is given by

okl =he_ 8, +2Gg, (1)

in which there are two independent elastic constants A and G.

More freedom is incorporated in the Cosserat theory of elasticity, also
known as micropolar elasticity¢7. This theory incorporates a local
rotation of points as well as the translation assumed in classical elasticity;
and a couple stress (a torque per unit area) as well as the force stress (force
per unit area). The force stress is referred to simply as ‘stress’ in classical
elasticity in which there is no other kind of stress. In the isotropic Cosserat
solid there are six elastic constants, in contrast to the classical elastic solid
in which there are two. Certain combinations of Cosserat elastic constants
have dimensions of length and are referred to as characteristic lengths.
The constitutive equations for a linear isotropic Cosserat elastic solid are:

okl = Ae 6 +(2n + K)akl + xey (r -0 ) (2)

m,=ag 8, + ﬁq)l;.[ + Y9, (3)

The usual summation convention for repeated indices is used throughout.
o,, is the force stress, which is a symmetric tensor in Equation (1) but it
is asymmetric in Equations (2} and (3). m, , is the couple stress, g, | = (uk.]
+ u,,)/2 is the small strain, u, is the displacement, and e,  is the
permutation symbol. The microrotation ¢, in Cosserat elasticity is
kinematically distinct from the macrorotation r = (e,, u,_,)/2. In three
dimensions, the isotropic Cosserat elastic solid requires six elastic constants
A, u, o, B, v, and k for its description.

One consequence of Cosserat elasticity theory is that a size-effect is
predicted in the torsion and bending of circular cylinders of Cosserat
elastic materials. The effective stiffness associated with such cylinders
increases as their size decreases®?. A similar size effect is also predicted
in the bending of plates® and beams™. This size-effect has led to an
experimental method for determining the Cosserat elastic constants of a
materiall:1%11,

Size effect studies on human bone disclosed Cosserat type effects, and
the characteristic length for bone was obtained"®. It has also been found
that size effects consistent with the Cosserat continuum view occur in
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several polymer foams. All six Cosserat elastic constants were determined
for a polyurethane foam*?), As for dynamical behaviour of foam materials,
dispersion of standing waves and cut-off frequencies were observed
experimentally. It was found that foamed materials did not obey the
classical theory of elasticity or viscoelasticity!?,

The physical cause of Cosserat elasticity in foams and fibrous materials
is the bending and twisting moment carried by the structural elements. A
spatial average of these moments represents the couple stress in. 3.

Non-local Elasticity

Another generalized continuum theory that has been proposed for the
analysis of materials with microstructure is nonlocal elasticity. Here the
stress at a point depends not only on the strain at that point, but on the
strain in a region near that point. The constitutive equation for an isotropic
nonlocal solid is*®

o, = F,IMIxx1)e )8, + 2ulixxl)e, ()} Vi) {4)

A simpler representation is

oij(x) = [y lo (Ixx1} e _(x) 61; + 2uejj(x') ] dV(x') (5)

with the nonlocal kernel a (1 x| ) subject to f,, a{ 1 x I)dV = 1, requiring the
kernel to be a member of a Dirac delta sequence. So, in the limit of the
non-local distance of influence or characteristic length, a, associated with

-the kernel a becoming vanishingly small, the classical Hooke’s law is
recovered.

As with Cosserat elasticity, there is a size effect predicted in bending
and torsion with nonlocal elasticity. There also is predicted a size effect in
tension. However, the size effect in nonlocal solids may be opposite to
that in Cosserat solids, i.e., the apparent elastic moduli would decrease
with decreasing specimen size. Lakes"™ showed that this phenomenon
arises in bending, torsion and tension when, near the surface, only a
portion of the kernel’s region of influence is integrated over, and, hence
contributes to the stress. Thus, if the kernel is positive definite throughout
its range, then there is a surface layer of depth a in which the stress is less
than Ee. If the kernel is not positive definite, and goes negative over part
of its range, then there may be a stiffening effect of small specimens. So
nonlocal elasticity theory allows both the apparent increase in modulus
with decreasing specimen size (as with Cosserat elasticity) and the
apparent decrease in modulus with decreasing specimen size.
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The physical mechanism underlying nonlocal elasticity is long range
cohesive force. An example is the electromagnetic force between ions in
acrystal. Infoams and fibrous systems, the generation of long range forces
is not so easy to visualize, '

Edge Effects

An alternative to the above continuum views and their associated physical
processes is the structural view of edge or surface effects. In a foam, the
cells at the edge of an itern are incomplete. Moreover, some cells may be
damaged by the cutting process. These edge cells contribute to the volume
of the specimen, but are not able to carry much load. Hence, the effective
stiffness of the specimen is less than what would be expected. This effect
becomes more pronounced as the specimen size approaches the cell size.

An edge effects model was developed by Brezny and Green'® for
bending of a square cross section beam. The model is based on the idea
that a layer exists on the outer portion of the specimen composed of
incomplete and/or damaged cells. This layer contributes to the volume of
the specimen, but not to the stiffness. The beam can be modelled as a
composite of two materials: an inner core of material 1 with modulus E;
and an outer layer of material 2 with modulus E,, where E, <E,. The
thickness of the layer of incomplete (and/or damaged) cells remains
constant regardless of specimen size, and may be larger or smaller than
one cell size. Thus, as specimen size is reduced, and the ratio of
incomplete to compilete cells increases, the apparent stiffness decreases.

The beam may be considered as one material, given the same
resistance to bending by reducing the width of each element of modulus
E,bythe factorn=E,/E,. Now, the moment of inertia, 1, can be calculated
using the transfer of axis theorem for each section. Assuming a beam of
unit cross section, the moment of inertia is given by'?

(1-2X + 2nX)(1-2XY . 2n%3

B = +nX(1- XY (6)

I=

where X is the thickness of the layer of incomplete cells.

The model for round specimens is an extension of that for square
specimens. Consider a beam of diameter d containing an outer layer of
thickness X of incomplete cells. The moment of inertia for the bearn is

(g
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The beam can be thought of as a composite with the inner portion
consisting of material 1 with moment of inertial, and modulus E (and G)).
The outer layer consists of material 2 with moment of mertla I, and
modulusE (and G o). To obtain the same resistance to bending in the outer
layer whlle using matenal 1, we need a moment of inertia I, such that

Ezlz = El I3 (8a)
or
E
[, = =21 8b
o (8b)

So, for an equivalent beam made entirely of material 1,

le= l1 + l3, (9a)
or
Ie-%{(d—ZX)" (1-n) + nd“} (9b)
where the modulus ratio n = %%

The relative modulus, E_/E_, may be calculated. Now, E, is the modulus
of the sample measured experlmentally andE_isthe modulus of a sample
of the same material but accounting for edge effects. Thus, E  assumes
that { = 1, since the entire specimen is considered to contrlbute to the
modulus, while E, is determined with | = I, assuming a value for
incomplete layer thlckness X, and for n approaching 0. E , therefore, is
the modulus of material with the same cell size, but exhlbltmg no edge
effects. These two moduli are described by

ML (10a)
81,
ML

°= 3L, (10b}

Hence, the relative modulus is equivalent to the relative moment of
inertia:

%-;—“--(d—l"){(d—ZX)"(l—and“} (11)
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Similar analyses of round and square specimens in torsion vield the
same results as above for relative polar moment of inertia and relative
shear modulus. J

Some of the data reported by Brezny and Green suggested that the
incomplete cell layer thickness for larger cell size material is less than the
cell size. They also point out that in small cell size materials, there may be
additional factors such as machining damage that could cause the layer
thickness to appear to be larger than one cell size.

It is the purpose of this study to investigate the size effects in foamed
materials by experiment, The effective shear modulus and Young’s
modulus of closed-cell polymethacrylimide and open-cell copper foams of
different densities and sizes were obtained from torsion and bending tests
upon specimens of different thickness.

2, MATERIALS AND METHODS

In a classically elastic rod, the bending and torsion rigidity are proportional
to the fourth power of the diameter. In a thin plate the bending rigidity is
proportional to the third power of the thickness. The rigidity depends on
size in a different way in Cosserat elastic materials: thin specimens are
more rigid than would be expected classically. It is possible to determine
one or more of the Cosserat elastic constants by measurements of
specimen rigidity vs size. This approach, which we call the method of size
effects, has been used in many experimental efforts both old and
recent!’:1%12 In non-ocal solids, thin specimens may be more rigid or less
rigid than expected classically. If surface effects are dominant, thin
specimens will also be less rigid than expected classically. _
The size effects tests were conducted on cylindrical Rohacell®
polymethacrylimide foam and eylindrical copper foam. Three grades of-
Rohacell were tested, WF51, WF110 and WF300 (CYRO industries),
corresponding to different densities. Rohacell® is a closed-cell foam of
typical cell morphology with average cell size |, approximately from 200
um to 500 pum, as observed using the scanning electron microscope
(SEM). The variation of the cell size I of the foams was found to exist in
each individual foam specimen, and not to exhibit any significant
dependence on the foam density. For the WF51 and WFI 10, specimens
were cut from a foam block of their grades. For foam WF300, specimens
were cut from two different foam blocks, designated A and B. The
densities of the specimens cut from different blocks were somewhat
different. For grades WF51, WF110 and WF300 of block A, specimens
were cut with a lathe. For foam WF300 of block B, specimens were cut
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with a lathe, then smoothed with emery paper to improve surface finish.
The densities and final sizes of the specimens are given in Table 1.

The copper foam consists of open cells of tetrakaidecahedral shape and
fairly regular cell size. Two cell sizes were tested, 1.3 mm (20 pores per
inch) and 0.64 mm (40 pores per inch), with relative densities of 0.039
and 0.053, respectively. Both round and square specimens were machined.
The round specimens were first rough cut into square blocks with an end
mill, then machined round by lathe, with a counter-rotating deburring
tool. The deburring tool consisted of a carbide cylinder, 19 mm in
diameter with 26 teeth that spiral down the cylinder. The lathe speed was
1350 rpm and the deburring tool speed was 24,000 rpm in the opposite
direction. This combined for relative surface cutting speeds of 24.5 to 25
mils, at 173 cuts per second. Further reductions in specimen size were
obtained with the lathe and deburring tool; the end of the specimen held
in the lathe collet was removed after each machining so that further
compression of the foam did not occur. This method provided a consistent
cross-section for the specimens and limited cell strut breakage and
material smearing.

The experiments were conducted using a micromechanics apparatus
at room temperature (20°C to 23°C). The experimental method and its
data reduction was used for study of viscoelastic solids and polymeric
foams, and given in detail in earlier publications'®'®, Briefly, an

Table 1 Specimen sizes and densities

Grade of foam | Specimen diameter {mm) | Specimen length (mm) | Densily (g/mm 3)
WF51 12.6 58.5 0.056
11.0 43.5 0.056
7.69 40.5 0.056
7.22 358 0.056
4.40 217 0.056
WF110 12.7 ! 51.0 0.11
6.15 236 0.11
470 16.5 0.11
WEF300 11.2 47.4 0.34
(Block A) 7.86 409 - 0.34
7.18 36.6 0.34
6.59 315 0.34
521 26.4 0.34
4.40 20.0 0.34
WF300 12.7 51.5 0.32
(Block B) 6.40 24.8 0.30
3.25 23.1 0.29
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experimental apparatus and analysis scheme for determining the viscoelastic
properties of a material isothermally, with a single apparatus, over 10
decades of time and frequency were developed. The range of equivalent
frequency for torsion is from less than 10 Hz to about 10* Hz. Torque
was applied to the specimen electromagnetically. A Helmholtz coil under
current control acted upon a magnet fixed to the specimen free end
(Figure 1). Specimen deformation was determined by laser interferometry
in which a laser beam passed through a grating, reflected off a mirror fixed
to the specimen end and through another grating into a light detector. All
specimens in this study were loaded in torsion, only the WF110 and the
copper specimens were loaded in bending. The apparatus is capable of
creep, constant load rate, sub-resonant dynamic, and resonant dynamic
experiments in bending and torsion. The tests were conducted at 0.1 Hz
for this study. At this low frequency, the results were considered to be static
and free from the dynamic effects since the specimens’ resonances were
found to be as high as above 5 kHz.

Figure 1 Schematic diagram of experimental apparatus
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3. RESULTS AND DISCUSSION

To display the size effect data, it is convenient to plot rigidity divided by
the square of the diameter against the square of the diameter. For a
classically elastic material, the plot should be a straight line through the
origin, since the rigidity depends on the fourth power of the diameter in
both torsion and bending. For a Cosserat elastic material, the plot should
be a curve offset above the classical curve by an amount related to the
characteristic length. Edge effects produce the opposite effect, an “anti-
Cosserat” softening that causes the curve to be offset below the classical
curve, as in the analytical curves in Figure 2.

The results of the polymethacrylimide tests are shown in Figure 3 for
torsion and Figure 4 for bending. The rigidity divided by the square of the
diameter, J/d?, against the square of the diameter, d?, for the various
grades are shown. It was found that for grade WF300, the deviation in
rigidity for specimens cut from two different foam blocks is negligible. The

data points can be fitted reasonably well using a linear curve fit with the
shear modulus G = 40 MPa for grade WF51, 75 MPa for WE110 and 360

Figure 2 Analytical size effects curves for rods in bending or torsion under
several assumptions. Rigidity divided by square of diameter vs square of
diameter, assuming E = 28 MPa. Classical elasticity gives a straight line
through the origin. Cosserat elastcity, which incorporates moments carried by
cell ribs, gives a stiffening effect of small specimens. Surface damage or
incomplete surface cells give a softening effect.

1.6

1.4+

1.2+

104 Cosseral
) elastic
classical

0.8 4 alaslic

J/d? (kN)

0.8 -

0.4 4

classical with

0.2 - edge effecis

0 10 20 ao 40 50
d? (mm?)




10 Closed-Cell Polymethacrylimide and Open-Cell Copper Foams

MPa for WF300, and Young's modulus, E = 213 MPa for WF110 in
bending. However, it is indicated that there is no evidence of Cosserat
elasticity for any of the foam specimens since their effective moduli tend
to decrease as diameters decrease. This is consistent with edge effects as
in Figure 2. It is possible that there are Cosserat phenomena occurring,
but that at the small sample sizes, edge effects are dominating. The edge
effects tend to compete with the Cosserat size effects in a test such as this.

Figures 3 and 4 show the data with a classical curve fit represented by
adashed line, and an edge effects curve fit represented by a solid line. The
best fit edge effects curves were obtained using the modulus values above,
and minimizing the residual error. The residual error here is defined as the
sum of the squares of the deviations of the data from the model. For the
edge effects analysis, the damage layer X was assumed to provide no
stiffness to the specimen, hence the modulus ratio, n, was taken to be
zero. The WF51 was found to be nearly classical in torsion, with the best
fit edge effects curve giving a value of X = O within the experimental
uncertainty.

Figure 3 Torsional rigidity divided by the square of the diameter, J/d?, against
the square of the diameter, d?, Rohacell® foam, experiment. Classical (dashed
line) and best fit edge effects (solid line) curves are shown.
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Figure 4 Bending rigidity divided by the square of the diameter, J,/d?, against
the square of the diameter, d?, Rohacell® foam WF110, experiment. Classical
{dashed line) and best fit edge effects (solid line) curves are shown
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The best fit edge effects curves for WF110 gave values of X = 0.078
mm (0.37 cells} in torsion and X = 0.027 mm (0.13 cells) in bending. The
residual error for the edge effects curve in torsion was 0.0933 kN2 and in
bendingwas 0.979 kN2, The classical curves gave residual errors of 0.556
kN2 and 1.44 kN? in torsion and bending, respectively. The edge effects
model, therefore, reduces the residual error by 83% in torsion and 32%
in bending for the WF110.

The best fit edge effects curve for WF300 gave X = 0.053 mm {0.11
cells) in torsion The residual error for the edge effects curve was 1.95 kN2
and for the classical curve was 8.41 kN2. The edge effects model gives a
77% reduction in residual error over the classical curve.

Edge effects may result from damage to the cells on the surface of the
specimen, as well as from incomplete cells. The specimens in this study
were all machined on a lathe, with no special precautions taken to avoid
surface damage. The WF300 specimens from block B were lightly
abraded with emery paper following lathe machining. It may be possible
to avoid the surface effects by more careful machining, such as by a light
abrasive method. For specimens with sufficiently large size or better
surface treatment, the effect on the results due to incomplete or damaged
surface cells would be reduced. '
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Results for the round copper foam specimens appear to show edge
effects dominating their behaviour, as seen in Figures 5 and 6. In the
figures, the solid curve represents the edge effects model for a classical
material. The Young's modulus and shear modulus for the foams were
determined using the Gibson and Ashby model for open cell foam*” and
a Young’s modulus for solid copper of 110 GPa!'®. For the 1.3 mm cell
size, this gives E = 167 MPa, G = 63 MPa, and, assuming a modulus ratio
n = 0, a damage layer thickness X = 0.35 cells (0.4 mm) from the torsion
data and X = 0.4 cells (0.5 mm) from the bending data {Figure 5). These
values for X agree well considering the scatter in the data. The residual
error for the edge effects curve was 0.104 kN? in torsion and 1.07 kN?
in bending. The classical curves residual errors were 9.80 kIN? in torsion
and 89.0 kN? in bending.

The 0.64 mm cell size foam was calculated to have E = 309 MPa, G
= 116 MPa, and a damage layer thickness X = 0.3 cells in both bending
and torsion, assuming n = O (Figure 6). The residual error for the edge
effects curve was 1.06 kN? in torsion and 4.94 kN? in bending. The
classical curves residual errors were 14.0 kN2 in torsion and 49.4 kN? in
bending.

Figure 5 Size effects results for 1.3 mm cell size round copper foam in torsion
{open squares) and bending (solid diamonds). Solid lines represent edge

effects model with damage layer X = 0.35 cells in torsion and X = 0.4 cells in
bending. Dashed lines are classical elastic curves
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Figure 6 Size effects results for 0.64 mm cell size round copper foam in
torsion (open squares) and bending (solid diamonds). Solid lines represent
edge effects model with damage layer X = 0.3 cells in both torsion and
bending. Dashed lines are classical elastic curves
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The fact that surface effects dominate the behaviour of the copper foam
may in part be attributable to machining damage. The foam is very difficult
to work with since it is so ductile. The scatter in the data suggests that the
damage was not consistent from machining to machining. In addition,
some specimens were broken during machining, suggesting that even
those that weren’t broken underwent substantial loading that may have
caused some of the outer cell ribs to yield. The cell size of the copper foam
is also quite large, such that even at the largest specimen size there were
only about 10 cells across for the 1.3 mm foam and 20 cells across for the
0.64 mm foam. Brezny and Green recommend at least 15 to 20 cells
across an edge to avoid edge effects™.

In this study, the damage layer was assumed to contribute no stiffness
to the specimen. This seems reasonable for the open cell foam, however,
for a closed cell foam such as Rohacell®, the contribution of the faces in
the damage layer is not obvious. It is possible that partial faces joining the
ribs of the incomplete cells may impart some stiffness to the damage layer.
In that case, the modulus ratio n could no longer be assumed to be zero,
and the thickness of the damage layer would be larger. It is also important
to note that the damage layer is not a constant thickness along the
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specimen edge. The value of X, therefore, represents a sort of average
layer thickness for the specimen.

4. CONCLUSIONS

The size effect behaviour in lathe cut closed cell Rohacell® polymer foams
and of open cell copper foam is consistent with a model of surface damage
to the outermost cells of the foam. The layer thickness of damaged and/

or incomplete cells was inferred to be from 0.13 to 0.37 cell diameters,
depending on the grade of Rohacell® foam, and from 0.3 to 0.4 cells in
copper foam. No effects of Cosserat {micropolar) elasticity, which would
give rise to an effective stiffening of slender specimens, were observed.
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