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GENERALIZED CONTINUUM MECHANICS OF COMPAGT BONE:
ACOMPARISON , COSSERAT ELASTICITY AND THE THEORY OF YOIDS
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The University of lowa
lowa Cily I1A 52242

Abstract, Experiments wers dasigned and performed Lo disciminate
betwson Cosserat (micropolsr) alasticity “and the theory of elestic
materials with voids as generalized continuum modals for wel and dry bone,
In &ry bone 1he Cosserst elestic effecis seem in wet bone were largely
wppressad Neverthaless, it was not possible to sglate tha contribytion of
18 voids to the micromechanics of dry bone.

Introduct fon, Humen compact bone exhibils varfaty of
nirmstructural festures. Some featurss such os the osteons ore large
wough that a continuum representation of bons will need lo incorporate
afilionel dagrees of freedom 1o describe the micro-motions of the
nkrostruclure. Two contfnuum Lheories mey bes considersd for lhe
dexcriplfon of compact bone: Cosserst or micropolar { 1] elasticity and the
ey of etastic materials with votds {2,3]. In Cosserat elasticity the
afitional kinemetical degree of freedom f1s o local rotation of the
nkrosiructure, whtle In the votd theory, it isa change in the solid valume
frection. Leminee in bovine bone { 4] ond presumably also osteons in human
knecen mxhibit relstive motion , soone can stiribuls local rotations to {he
tstons 1 the Cusserat model. In addition, bone has voids associeted wilh
oaocyls lacunoe, Haversian canals and others, 20 that the theory of vaids
foy spply. Experimental ovidencs thus far (s in suppori of Cosserst
siaticity as & generatized contintum represenietion for fully hydrated bone
(5.6 but & contribustion of voids to the micromechanics is not excluded,

Recently. axperimants have been conduclad using a square cross section

torsion, using both strain gages (7] ond
These have disclosad substntiai differences
_ their micromechanical behavior. Specifically,
sirain distributfons conaistent with ihose prodicted by Cossergl slasticity
wwraobserved in wet bone, while dry bane behwaved near by classicatly. Now
this torsion geometry i3 insensitiva to the possible presence of
hicrosiructurel degrees. of; freadom essociated with void mechanics. Effects
4 b vojds. ane expiored:in:the pressnt axperiments,

The presenty study fs: directed primarily ot tha micromechenics of dry
brw. The-redionaie: {a; thek: dry bone has the same void archileciure as wet
bne, but! ther Chsserat-type micromechanical effects appear io be
apprevsed: i dry; bone:. The mioromachanical coniributions of the voiis
Ry therefone.he:aamined:in.dry bone.
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" Experimeni  Experiments are based on the predicled size dependence
of bending ond torsional rigidity of cylindrical rods. in clessical elmsticity,
tha rigtdity is proportional 1o the fourth power of the diameter. In Figures
1 and 2, such behavior corrasponds toa straight }ine ihrough the origin. tn
Cosserat elmslicity, sizm effects ara predicted in torsion and bending, tn
which thin specimens are more rigid than expected classically. The Lheory
of valds predicis such size effecls only in bending, s shown in figure 1. It
should consaquently be possible to distinguish between thess theories by
measuring the size dependence of bending and torsicna) rlgidity of
cylindrical spacimens.

The experiments were performed via o spacial micromachanics
opparetus In which the lorgue was applied to the specimen
alectromagnetically and the anguier displacement meesured by laser
interferometry. The spparatus permils accurale memsurementis lo be
performed upon specimens with & wide rana of rigidity, including very
hin specimens. [n addition, both torsfon and bending meesurements may be
performed In the same apparatus, with fdentical calibrations. Specimens of
both wet and dry huyman Haversien bona wers examined et 23+ 1 deg C; dry
specimens were ol ambient humidity, 45+5%. Spacimens wers cut slowly
into e cylindrical shape on & iathe, (heir rigidity wes measured, then they
wor# machined to a smailer diameter and tested aain. Specimens were from
3.11mm to 0.66mm in diemeter, with the specimen axis aligned with the
osteon axis.

Results. Size offects were observed both In torsion and in bending
These offects were substantially smaller in dry bone than in wet bone.
Specifically, in wet bona (he meximum sliffening effect wes aboul a factor
of two In banding and mors than a factor of three in forsion, in dry bone, the
stiffening effect was from 24% 10 34% In bending and from 148 10 338 in
lorsion. The resuits are displeyed in figure 2,

Discussion snd Conclusion. The experimenis do not reveal dry hone
{0 behavs pursly as & contifmrm wilh volds. Thers remain size effecls in
toralon, which ore not predicied by lhe void theory; lhese effects ars
comparable in magnitude 1o the effects in bending, which are anticipated by
vold thaory, Severa) hypotheses may be exemined in an effort to ecoount for
the observations. First, tere s the pussibility that the length parameter
associetad with the vold theory Is too small to Oive riss io substentiel
Incremental effects in bending In specimens over the siz ranga examined
hera, This Is piausible in view of the fact that the voids In bone sre
significantly smaller than the osteons, which appeer o be responsible for
{ho Cosserat-type effects in wet bona, Second, i1 fs possitrls (het effects dus
1o voids are indeed manifested in (he size range studied here, but thel the
megniluds of the effecis fs small. Thera Is sulficient freatom within the
theory of voids (4s well &y in Cosserat slasticity) for ihia to ccour, since
the new elastic constants in (hat theory govern not only the sizn scale
axociated wilh novel phenomens, but als the magnitude of such phenomena.

The Cosserat elastic behavior of wel bone hes been eitributed to the
osteons behaving es stiff fibers in a compliant matrix, the coment
Substence. The suppression of such behavior[7] In dry bone may be
ascribed (0 4 stiffening of the cement substence, resuiting in the fiber and
matrix having similer stiffnessas. The present resulls sugoeat that, in view
of the continued presence of sfzs effects in torsion, effects due to the
osteonal siructurs have not been completely suppressed in the drying of the
bone. I s conoluded that dry bone exhibits micromachanical phenomena in
addition to thase sitribulable o the presence of voids. '

Tha effect of vold mechanics could not be-evaluated Tn fslation from
other phenomena 1 Lhis study. Nevertheless, the possibility remains thet
such Isoletion may be performed in experiments involving a size scale yel
smaller than thed smployed here.
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Figure 1. Theoretical predictions of the theory of elastic melarials
with voids. Bending rigidity of o bean, normalized to the square of the beam
dopth s the squers of (he beam depth b, normalized fo the length por-ametar
1. A classically elastic meterial would exhibit a siraight Yne plot through
the origin. The lorsional rigidity of a material with voids Is classical,

Triangles, H=0.5, R=0,7, maximum stiffening, a factor 1,11,

Solldcircles, H=0,95, R=0.8, maximum stiffening, e factor 1.9

Open circles, H=0.95, R=0,95, maximum stiffening, a factor 2,25,

The quantilies H end R are defined in {2], [3].
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Figure 2. Experimental resuils for dry end wel bone. Rigidity dividsd
by the aquare of Lhe diameter ys Lhe square of the diameler,

Triengles, pure bending, dry bona,

Circles, toralon, dry bone.

Circles with crosses, loraion, wet bone.



